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Consider the complete graph on 2n vertices, Kzn. A one-factor of Kti is a set 
of n edges (pairs of vertices) such that each vertex is in exactly one of the edges. 
A hyperfactorization of index il, or A-hyperfuctorization, is a family of one-factors 
such that each pair of edges without vertices in common occur together in exactly 
rl of the one-factors. A hyperfactorization is said to be simpfe if all the 
one-factors are distinct. 
A trivial hyperfactorizzt!n;i can be constructed by taking the family of a:i 
one-factors. Each pair of edges occur together in (2n - 5)(2n - 7) l l l (1) 
one-factors, the number of one-factors in Kb_+ In particular for Kg, n = 4, the 
trivial hyperfactorization has index 3. 
The only known nontrivial hyperfactorizations of index 1 are due to Cameron 
[2], where the orders are of the form 2n = 2“ + 2, CI 2 3. Boros, Jungnickel and 
Vanstone have [l] constructed recursively non-trivial simple A-hyperfactorizations 
of Kti for all II 2 5, but with much larger indexes. Jungnickel and Vanstone [3] 
have constructed two other examples, 2n = 12, A = 15, and 2n = 24, A = 495. 
These are the only known constructions. Two non-existence results are that no 
hyperfactorization of index 1 exists for KS (Cameron [2], Mathon [5]), nor for Klz 
(Lam et al., [4]). 
In this papar, we ar, p interested only in K8 and k = 2. Clearly, a simple 
2-hyperfactorization does not exist, for if one did, the complementary hyperfac- 
torization with respect to the trivial hyperfactorization (A = 3) would be a 
hyperfactorization of index 1. However, a nonsimple hyperfactorization of KH 
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with index 2 can be constructed. Let the vertex set of KS be V = {CC, 0, 1, . . . ,6). 
V can be thought of as the integers modulo 7 extended with 00, SO that 
i+@ zoo, iXm= go. Thus integers can act on a one-factor of Kn using either 
addition (mod 7) or multiplication (mod 7) (but no by zero) and obtain another 
one-factor. 
A 2hyperfactorization of K8 must consist of 7 X 5 X 2 = 70 One-factors. We 
assume that the hyperfactorization admits an automorphism of order 7, and can 
be generated by 10 ‘base’ one-factors. The other one-factors are produced by 
adding (mod7) 1,2,3,4,5,6 to the base one-factors. Each of the base one- 
factors can also be assumed to include the edge {mO}. 
Consider the following one-factors (for simplicity the edge {i, j} is written ij): 
A = @w, i6,25,34j, 
B = {Oq 15,23,46}, 
P = (003, 12,34,56}, 
D = {Oql2,36,45}. 
The following 10 one-factors form a set of base one-factors for a 2- 
hyperfactorization of &: A, two copies of B, 6 X B, C, 2 X C, 3 X C, D, 2 X D, 
4 x D. It is tedious but not difficult to verify that all edges occur together twice in 
the 70 one-factors generated by these 10 base one-factors. 
We say that the edge ij has length m = Ii - jl, where m = 1.2, or 3, and that it 
has sum s = i + j (mod 7). The length and sum of an edge ij determine what the 
edgeis(i=(s-m))2,j=(s+m)12). 
All pairs involving edges with an 00 occur together exactiy twice if the base set 
contains all edges, not including 01, exactly twice. Alternatively, foi each length 
m, edges of all possible sums, excluding s = fm, must occur twice. The sums fm 
are excluded because the edges of length m with these sums contain 0, which 
con!licts with the Om edge. 
All pairs mvolving edges of the same length m must occur together twice. The 
difference between the sums of the edges cannot be fm, since then the edge 
would be of the form (i, i + m) (i + m, i + 2m) which cannot be together in a 
one-factor because they have a ver!ex in common. The other two possible 
differences from 1,2,3 must occur exactly twice, as the difference between the 
sums of edges of length m in the same base one-factor. 
For edges of different length, say k and m, k #m, there are few differences 
between the sums of edges that cannot occur, f(k f m). The other three 
differences from 0, 1,2,3,4,5,6 must occur twice between sums of edges, one of 
length m and the other of length k, both in the same base one-factor. This is 
necessary and sufficient to make every pair of edges, of different length and 
without 00, to occur together twice in the 70 one-factors generated by the base 
one-factors. 
These ten base one-factors satisfy the above three conditions, as is shown in 
Table 1. Therefore, they generate a 2-hyperf~ctorizirtion of K,. 
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Table 1 
Sums and differences 
Base 
one-factors/lengths 
Differences between edges 
Sums of edges Same length Different lengths 
1 2 3 1 2 3 1-2 l-3 2-3 
A = {Oq 16,25,34} (t 0 0 --- 0 0 0 
B = {O=, 15,23,46} 5 3 6 --- 2 6 4 
(twice) 
6xB=(Om,62,54,31) 2 4 1 - - - 5 1 3 
C = {Oq 12,34,56} 034 - - 133__ - - - 
2 x C = {@, 24,61,35} - 016 - -112- - - - 
3xC=(Om,36,25,14} - - 025 - - 223 - - - 
D = {Ooo, 12,36,45} 23 - 2 1-- - 01 - 
2 x D = {Oco, 24,65, 13) 446- - 2- 05 - - 
4 X D = {Ooo, 41,53,26} - i 15 - - 3 - - $3 
Forbidden values 61 25 34 2 3 1 1346 2345 1256 
A computer search was carried out to find similar sets of base one-factors for 
K,4 and Klh with A = 1, but none were found. 
Acknowledgements 
Thanks are due to the Department of Combinatorics and Optimization at the 
University of Waterloo, where I first heard about this problem from Dieter 
Jungnickel, and especially Scott Vanstone and Ron Mullin for access to their 
programmer and computer. The author also acknowledges upport from NSERC 
grant A5376. 
However, the greatest acknowledgement and thanks must go to Ralph Stanton, 
who started me on my academic areer. 
References 
E. Bores, D. Jungnickel and S.A. Vanstone. The existence of nontrivial 
Kh, 19R7, preprint. 
P.J. Cameron. Parallelisms of complete designs, London Math. Lecture 
Univ. Press, Cambridge. 1976). 
hyperfactorizations of 
Notes 23 (Cambridge 
D. Jungnickel and S.A. Vanstcne, Hyperfactorizations of graphs and S-designs. J.Univ. Kuwait 
(Sci.) I4 (19R7) 213-224. 
C.W.H. Lam, L. Thiel. S. Swicrcz and J. McKay. The noncxistcncc of ovals in a projective plant 
of orde: i0. Discrete Math. 45 (1983) 318-321. 
R. Mathon. The partial gcomctries (5,7,3). Congr. Numcr. 31 (1981) 129-139. 
